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A c r i t e r i o n  i s  o b t a i n e d  fo r  t h e  s t o c h a s t i c  i n s t a b i l i t y  of m u l t i d i m e n s i o n a l  a n h a r m o n i c  l a t t i c e s .  

C o n s i d e r  a m e d i u m  d e s c r i b e d  by the  n o n l i n e a r  w a v e  equa t ion  

ot--T = -g-j 1-~ ~, -4-1~ t + ~, + T t + ~ (0.1) 

in which  u = u ( t ,  x, y,  z),  x, y, z a r e  the  s p a t i a l  c o o r d i n a t e s ,  t i s  t he  t i m e ,  and X i s  t he  coe f f i c i en t  of non-  
l i n e a r i t y .  

T h e  a n h a r m o n i c  l a t t i c e  m o d e l  c o r r e s p o n d i n g  to  Eq.  (0.1) has  the  f o r m  
d~Ul ,  m ,  p 

dr'- --uz+l, ,~,v--  2ut. m,v +ul- i , ,~ .v  +~[(uz+i.m,p--u~,~,v)8-- ' (ut , . , ,v--ut_i , ,~,v)3] ~- (0.2) 

+ ~ (ut, ~+i, p - -  2uz. ~ , .  + ul  ~-l, ~) + ,~,~ [(ul, ~+i v - -  u~, ~, p)3 __ (ut, ~, . - -  ul, ~-1, p)31 + 

+ 3" (uz, ~, p+i - -  2uz, ~, v + uz, ~, v-i) ' +  ~ [(u~, ~, ~+i - -  ul .... v) 3 - -  (uz. ~, p - -  uz, ~, p-i)~l 
w h e r e  /~ = X/3.  

F o r  v a l u e s  of t he  c o e f f i c i e n t s  
~ t = 7 = 0  

Eq. (0.1) d e s c r i b e s  a n o n l i n e a r  s t r i ng ,  to  the  a n a l y s i s  of which  has  been  devo ted  a l a r g e  n u m b e r  of p a p e r s  
in connec t ion  with  the  w e n - k n o w n  p r o b l e m  of  the  bu i ldup  of t h e r m o d y n a m i c  e q u i l i b r i u m  and e r g o d i c i t y  in a 
s y s t e m  of n o n l i n e a r l y  coup l ed  o s c i l l a t o r s  ( see ,  e .g .  [1-3] and  the  b i b l i o g r a p h i e s  i n c l u d e d  t h e r e i n ) .  

I z r a i l e v  and Ch i r ikov  [2] have  o b t a i n e d  an e s t i m a t e  of the  s t o c h a s t i c  i n s t a b i l i t y  l i m i t s ,  which  s e p a r a t e s  
the  d o m a i n  of q u a s i - p e r i o d i c  mo t ion  and t h e  s t o c h a s t i c i t y  d o m a i n  fo r  an a r r a y  of n o n l i n e a r l y  coup led  h a r -  
m o n i c  o s c i l l a t o r s  in t he  o n e - d i m e n s i o n a l  c a s e .  

In the  p r e s e n t  a r t i c l e  we g e n e r a l i z e  t h i s  r e s u l t  to  m u l t i d i m e n s i o n a l  ( two-  and t h r e e - d i m e n s i o n a l )  
l a t t i c e s  wi th  r i g i d l y  c l a m p e d  b o u n d a r i e s .  

1 .  T w o - D i m e n s i o n a l  L a t t i c e  

In Eq. (0.2) we put  7 =0 (the t h i r d  s u b s c r i p t  can be  d ropped) .  We l e t  N 1 and N 2 be the  n u m b e r s  of 
o s c i l l a t o r s  in t h e  r e s p e c t i v e  x and y d i r e c t i o n s .  

We t r a n s f o r m  t o  n o r m a l  c o o r d i n a t e s :  

gi--1 N~--I 
2 . ~ l k  . ~ m r  

z ,  w ~  s , n  ~ s ,n  N, 
ut. ,n = l f N ~  ~= i  r=l  

F o r  a s lowly  v a r y i n g  quan t i ty  

(1.1) 

QkT (t) = ck~(t) cos 0kr (t) (1.2) 

w h e r e  Ckr and  0 k r  a r e  the n o r m a l - m o d e  a m p l i t u d e  and p h a s e ,  we  obta in  the  fo l lowing  equa t ion  f r o m  (0.2): 

N o v o s i b i r s k .  T r a n s l a t e d  f r o m  Z h u r n a l  P r i k l a d n o i  Mekahn ik i  i T e k h n i c h e s k o i  F i z i k i ,  No. 6, pp. 173-  
178, N o v e m b e r - D e c e m b e r ,  1972. O r i g i n a l  a r t i c l e  s u b m i t t e d  D e c e m b e r  2, 1971. 
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dZQ/c r 
dr2 ~- ~o~,0~, (1 -- AQ~T) = 1.6N1N2 E .FI: . . . .  cos 0~m,rn 

(k = i ,  2 . . . . .  N ~ - - l , r  = i ,  2 . . . . .  N2--  i) where 

A ~ [0)~0(2 -- c%o) + 
8NINz(O~r 

g/~ g r  
~o = 2sin 2-~- ~ , o~o, = 2sin~N ~ 

(1.3) 

where Fkm ' rn represen ts  the amplitudes of the external fo rces  acting on the osci l la tor  of frequency 
r nr(t). We choose not to wri te  out the cumbersome explicit fo rm of the r ight-hand side of Eq. (1.3), 
analyzing instead a number of limiting cases.  

The stochast ici ty cri ter ion,  which is based on the condition of overlapping of resonances  [4], has the 
form 

- -  I ~ . . . .  l (a~)  -~ ~ ~ ( L 4 )  

where 

~F, km, rn d~Q~m, rn 
[ fP~ . . . . .  I ~" 8N1N2%, d%,, (1.5) 

cha rac t e r i ze s  the dimension of the separa t r ix  on the phase plane 

~ . . . .  = c% . . . .  (t) - ~k, (t) 

and Aw is the separation of the resonances.  

Excitation of Low Modes (k <<Ni, r <<N2). In this  ease the normal  mode frequencies  are  

k r ~ -I V2 
N~2 T ~ j  ( 1 . 6 )  

Let k and r be the middle o rder  numbers  of the excited modes in the respect ive  intervals  Ak and At ,  
and let N b be the number  of excited modes:  

Nb N A k h r  (1,7) 

We calculate the number of nondegenerate resonance relat ions Np on the r ight-hand side of (1.3) of 
the type 

4 

~, n~o~ = 0 (1.8) 
i = 1  

where the n i are  relat ive p r imes  [we recal l  that  the cubic nonlinear t e r m  in (0.2) gives r i se  to fourfold 
interaction],  tt is important  here  to allow for  the fact that in the given limit of osc i l la tors  stationed along 
one straight line through the origin l inear  relat ions are  obtained with respect  to the i r  o rder  numbers  ac-  
cording to (1.61 and (1.8), as in the one-dimensionai  case. Therefore ,  the number of independent resonance 
relat ions (1.8) dec reases  due to degeneracy in compar ison with the number of possible resonances  in the 
system. 

We have as a resul t  

N v ~ 8C~b_ 1 - -  N o ~ N~ (1.9) 

where Cn m is the number of combinations of n e lements  m at a t ime and the following notation is introduced: 

N0=8C~-1, N z = a / 2  (a=min(A~,Ar)) (1.10) 

The fac tor  1/2 in the expression for Nl in (1.10) accounts for  the presence  of symmet r i c  interaction 
associa ted  with cubic nonlinearity in the degenerate case,  as in the one-dimensional  case. We also note 
that with allowance for  this fact the degeneracy effect only has to be included if a >- 8, because this  is the 
only case in which the corresponding frequency combination in (1.8) is possible.  
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We now es t imate  the magnitude of the average force  ( F> acting on the osci l la tor  of o rder  kr  on the 
neares t  resonance  side. According to  (1.3) and (1.9) and with allowance for  the random phase condition 
we have 

<F> ~ ~ i6N~N~ N~N~ (Np) '/~ " 

where  (c3> is the average combination of amplitudes in the vicini ty of the excited modes. The correc t ion  
to the frequency Wkr for  nonlineari ty is 

r ~ \~/~]-1 / k4 r a ~(CS,  (1.12) 

The average spacing between resonances  can be es t imated  as the intervals  between the frequency 
vec to r s  in the vicini ty of the excited modes:  

occupied by Np resonances ,  using (1.6) and (1,9): 

,4.~ ~ ~ H kAk \'2 ( rAr ~2- l 'A r ~ ~-'/, 
% (1.13) 

Taking (1.2) into account, we obtain the following maximal es t imate  f rom (1.1): 

2 
Urea x --~ ~ (<U>) ~ - -  2 <P> AkAr (N1N2) -1 

We introduce the notation 
(a~)2 /au,~ (k2 r2 )  

(1.14) 

(1.15) 

rN1 A~I  = rArNP (1.16) 
6i = kN"-'-~ ' kAkN2 2 

Determining the quantity fi. f rom condition (1.4) with r ega rd  for  (1.5) and (1.11)-(1.13), we obtain the 
following es t imate  for  the s tochast ici ty limit:  

[3,q)z ~ 2 (t + ~zP) [t + ~ (Az,)21 '/~ (akp a_r (1.17) 
k (l :4- p~zP) [8C~Vb_ 1 (Nv)al'h 

For  Ak, Ar  >> l w e h a v e  

and (1.17) a s sumes  the fo rm 

8c?~_1 ~ (ak)~ (A0 ~, sc ~,~_~ >> No>> N: 

~$(~2 4 (1 -~ ~612) (t ~- p.ac;12) ' / '  
3k (t -+- }xzla) Ak (Ar) 2 

As g - -  0 the domain of the exci ted modes shrinks to a line on the x axis: 

8c}~1 - -  (ak) 3, N 0 - -  (ak) 3, N , - -  ak / 2 
r  --+ ~ 1  - -  (au / Ox) ~ 

so that  
~ .  ff)~ ~ k -1 (hk) ' / ,  

which cor responds  to the es t imate  obtained in [2] for  the one-dimensional  case. 

Excitation of High Modes (k ~ N1, r ~ N2). Now the resonance  f requencies  are  equal to 

~ok . . . .  ~ 2 [  c~  ]/(k-- N')2-- 2 m 2 N 1  + t~ c~ ~ '  V'(~--/V~p + 2r~ ] 2 N ,  

(m, n - ~ 0 ,  i - t ,  --:F2.. .)  
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The a v e r a g e  spac ing  between c l o se s t  r e s o n a n c e s  in the  f i r s t  app rox ima t ion  is 

Am+ = c%, m+~ . . . .  ~ - -  o)~m, ~ ~ (1.18) 
- -  - 2 (~ + ~ ) ' / ~  

The n e x t - h i g h e r - o r d e r  c o r r e c t i o n  g ives  the  d i s tance  between the  f i n e - s t r u c t u r e  r e s o n a n c e s :  

h o ~  (~/N) ~ for  N t = N ~  = N  

but, as  is  r ead i ly  noted, in the  given l imi t  (Ak  <<Nt, A r  <<N 2) comple te  over lapping  of this  s y s t e m  of r e s o -  
nances  does  not t ake  p lace ,  so tha t  f o r  N t ~ N  2 ~ N  and g ~ 1 it is r e q u i r e d  to  choose  the u p p e r  sign in 
(1.18) due to  the  adddi t ional  degene racy .  

With r e g a r d  fo r  (1.3), (1.4), and (1.14)-(1.16) we obtain the  fol lowing e s t i m a t e  of the  s tochas t i c i t y  
l imi t  (for Ac0_ >> A cot): 

~ ,q )~  

ForN i NN2NN and /~ ~ l w e h a v e  

2.~k ~ (l + ~z~e) A k A r  [ 1 t (1.19) 

A0)+~- h~l  ~ h~o (1.20) 

;3,(:I9~ N 8/3~ ~ h k h r  (k 2 + r ~') / N ~ 

As  #--~ 0 (one -d imens iona l  case) (1.19) and (1.20) go ove r  to  

~,~1  ~ g2k2Ak / N 4 

cons i s t en t  with the  r e s u l t  of  [2]. 

Mixed Case  (k ~ N i ,  r <<N2). Suppose that  the  h ighes t  m o d e s  a r e  exc i ted  in one d i rec t ion  and the  
lowes t  in the  o the r  d i rec t ion .  The  r e s o n a n c e  f r e q u e n c i e s  a r e  

(o~,~, ~ ~_~ 2 [cos~ ~ K ~ ~  ---~ ~ K ~ l v '  2N~ @ ~t s i n  2 2N2 

(m, n=0,_____t, __2...) 

Then  the e s t i m a t e  of the  s tochas~ici ty  l imi t  co inc ides  with e x p r e s s i o n s  (1.19) and (1.20), i .e . ,  is  d e t e r -  
mined  by the p r e s e n c e  of the  h ighes t  modes .  

2 .  T h r e e - D i m e n s i o n a l  L a t t i c e  

Using the  r e s u l t s  of the p r e c e d i n g  sect ion,  we r ead i ly  obtain e s t i m a t e s  f o r  the  t h r e e - d i m e n s i o n a l  
c a s e .  

(2.1) 

The  expans ion  in n o r m a l  modes  now has  the  f o r m  

Nt--1 Na--i N~--I 
2 ]/-2 ~ . ~ l k  . n m r  . ~p~  

SIII = Y~rs SIll - - ~ -  1 s l n  
1~1 r= l  s~ l  

w h e r e  Nt, N2, N a a re  the  n u m b e r s  of o s c i l l a t o r s  of the  l a t t i ce  in the  r e s p e c t i v e  x, y, and z d i rec t ions .  

The  n u m b e r s  of exc i ted  modes  in the  in t e rva l s  Ak, A t ,  a n d A s  a re  

Nb ,--" h k h r h s  

The  n o r m a l - m o d e  f r e q u e n c i e s  a r e  

c%r ~ = 2 sin S + ~ sin 2 ~ + T s ia~ T~-3] 

(k= t ,  2 , . . . ,N l - - l ;  r = t ,  2 , . . . ,N~-- t ;  s = t ,  2 . . . . .  N3--i) 

F o r  Np we  can once again invoke e x p r e s s i o n  (1.9) with r e g a r d  fo r  the  f a ~  that  now 

a = rain (Ak, Ar, As) 

and the domain  of the  exc i ted  m o d e s  is given by (2.1). 

We in t roduce  the  notat ion 

{ Ou ~ ; O. \3 / Ou \~ ~ ,--k 2 r~ + I-'~:3~ 1 U~max 
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where  

2 2 <c~> N b rNa sNz 

Umax ~ NzN~Na ' 6z ~ kN~ , ~ ~ "kNa 

rhrN~ ~ sh.r ~ 
A ~  z ~ -  khkN2~ , Ar ..~ k A k N ~  

Then the e s t i m a t e s  of the s tochast ic i ty  l imi t s  a r e  obtained in the following form:  

Low modes  (k << N1, r<<N2, s <<N3): 

~,( i )a  ~ 4 (t + I~zl 2 + ";z2 2) [ t  + p~ (az,)  ~ + T (az2)~] '/' (ak) 2 Aras  

and for  Ak, Ar ,  AS >> 1 re la t ion  (2.2) a s s u m e s  the f o r m  

~,(1)a ~ 3 (~ + l~12 + 7~2 ~) [t  + IL (A~,) 2 + ~ (A~2)"] '/" �9 
k (i + ~zl' + Tz2') ak (at) 2 (as)~ 

(2.2) 

High modes  (k ~N1, r~N2 ,  s~N3) :  

~.(:])a ~ 4~2 k2 (-~ + I'~z2 -]- 7~22) AkArA~ I I _}_ T 
NP (i + I~ § '~)'/' I ~ -- 

�9 ~-~/-F -~-~-z~ I (2 .3) 

The signs in (2.3) are chosen so as to minimize the expression, thus corresponding to the shortest 
spacing between resonances. Estimate (2.3) cannot be used for N i ~ N 2 ~ N, T ~ 1 - g .  For this case, taking 
into account the discussion to Eq. (1.18), we have 

17 ~AkArAs 
[t*(I)s ~ -~ N4 (k S ~- r~ -F s 2) ( 2 . 4 )  

In a mixed  situation (say, k ~N1, r <<N2, s <<N3) we obtain the same  e s t ima te s  (2.3)-(2.4). 

As the foregoing e s t i m a t e s  imply,  the growth of s tochas t ic i ty  is fac i l i ta ted  with inc reas ing  degrees  
of f reedom.  Fo r  a re l iab le  ver i f ica t ion  of the analyt ical  e s t i m a t e s  it would be des i rab le  to conduct ex p e r i -  
ments  with a l a rge  number  of osc i l l a to rs ,  

The  authors  a re  indebted to B. V. Chirikov fo r  a discussion.  
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